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Abstract. We introduce G2 vector fields and Rochesterian vector fields on 
manifolds with a closed G2 -structure as analogues of symplectic vector fields 
and Hamiltonian vector fields respectively, and show that the spaces Xq^ of 
G2 vector fields and Xroc of Rochesterian vector fields admit the structure 
of Lie algebras where the bracket operation is induced from the standard Lie 
bracket on vector fields; moreover, we define a bracket operation on the space 
of Rochesterian 1-forms ^^^^ associated to the space of Rochesterian vector 
fields, giving f^^^^ the structure of a Lie algebra as well. Finally, we show 
that there is a Lie algebra homomorphism between Rochesterian 1-forms and 
Rochesterian vector fields and prove a result about its kernel. 



Introduction 

The possible holonomy groups for a given 7-dimensional Riemannian manifold 
includes the exceptional Lie group G2 by Berger's classification of Riemannian 
holonomy groups. Such manifolds are called G2-Tnanifolds and are equipped with a 
nondegenerate differential 3-form ip which is torsion-free, V</3 = 0, with respect to 
the Levi-Civita connection of the metric g^p defined by ip. This torsion-free condition 
is equivalent to if being closed and coclosed, see [T7] , [H] . Much work has been done 
to study manifolds with G2-holonomy, e.g. [1] , [I] and [T7] , but the condition be 
coclosed is a nonlinear condition since d*i^ = where d* depends on the Hodge star 
defined by the metric 5^ above. If we drop the coclosed condition, then we have 
a manifold with a closed G2-structure. Manifolds with closed G2-structures have 
been studied in the articles , and [TOj ; these papers focused predominantly on 
the metric defined by the nondegenerate closed 3-form ip. We shift our focus to the 
form ip itself and to results which depend on cp being nondegenerate and closed; this 
article is a continuation of a project which began with [2] to better understand G2- 
geometry by using the well-established areas of symplectic and contact geometry. 

Treating symplectic geometry and G2 geometry as analogues is not new. [3] and 
[T5] study vector cross products on linear spaces and on manifolds; in particular, 
it is shown that symplectic geometry is the geometry of 1-fold vector cross prod- 
ucts, i. e., almost complex structures, and G2 geometry is the geometry of 2-fold 
vector cross products in dimension 7. Further, one can construct, using the met- 
ric, a nondegenerate differential form of degree fc -I- 1 associated to a fc-fold vector 
cross product. This yields in particular the symplectic form associated to almost 
complex structures and the G2 3-form ip associated to 2-fold vector cross products 
in dimension 7. Examples of manifolds with G2 structures satisfying various con- 
ditions (including closed G2 structures) are studied in [8], [11], [12] and [M], and 
classified in [13]. Links between Calabi-Yau geometry and G2 geometry have been 
explored in the context of mirror symmetry by Akbulut and Salur [1]. 
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This paper consists of three sections: the first section is a review of ideas from 
symplectic geometry. We discuss symplectic and Hamiltonian vector fields and show 
that symplectic vector fields, Hamiltonian vector fields and smooth real-valued 
functions on M all admit the structure of Lie algebras with Lie bracket on the 
symplectic and Hamiltonian vector fields induced from the Lie bracket structure on 
the space of all vector fields and the Lie bracket on smooth real-valued functions 
on M given by a Poisson bracket; further, there is a Lie algebra homomorphism 
between the Lie algebra of smooth real- valued functions on M and the Lie algebra 
of the Hamiltonian vector fields. We give a brief introduction to G2 geometry 
in the second section; in the third section, we define analogues of symplectic and 
Hamiltonian vector fields given by G2 and Rochesterian vector fields respectively, 
and prove the following results for Rochesterian vector fields: 

Theorem. Let {Mi,ipi) and {M2,(p2) be two manifolds with closed G2-structures 
ifi, If 2 respectively. Let -Ki : Mi x M2 Mi be the standard projection map, and 
define (p :~ T^\f\ — '^2^1, o closed Z-form on the product manifold Mi x M2. A 
diffeomorphism T : (Mi, Lpi) — (M2, ip2) is a G2-morphism if and only if = 0, 
where Fx := {{p, T{p)) e Mi x M2 : p & Mi} is the graph of T in Mi x M2. 

Theorem. There are no Rochesterian vector fields on a closed manifold M with 
closed G2- structure Lp. 

Theorem. Every Rochesterian vector field on a manifold M with closed G2- structure 
ip is a G2 vector field. If H^(M) = {0}, then every G2 vector field on a manifold 
with closed G2-structure is a Rochesterian vector field. 

We next show that the spaces of G2 and Rochesterian vector fields as well as the 
associated space of Rochesterian 1-forms admit the structure of Lie algebras with 
Lie bracket on the G2 and Rochesterian vector fields induced from the Lie bracket 
structure on the space of all vector fields. In particular, we show 

Theorem. For any G2 vector fields Xi, X2, [Xi,X2\ is a Rochesterian vector field 
with associated Rochesterian 1-form given by ip{X2,Xi, •). 

Finally, we show there exists a Lie algebra homomorphism from the Lie algebra 
of Rochesterian 1-forms to the Lie algebra of Rochesterian vector fields, and prove 
a result relating the Lie algebra of Rochesterian 1-forms on mJ to G2-morphisms of 

Theorem. (1) Let $ : {V,]^^^{M) , {■ , ■}) (A'i^oc, [•, •]) be the Lie algebra ho- 
momorphism. Given two Rochesterian 1-forms ai, a2 G rt]^^^{M), {01,02} £ 
ker $ if and only if dai is constant along the flow lines of Xa^ . 
(2) // ?A : R"^ -> R^ is a G2-morphism then ^*{{a, r}) = {^*a, ^P*t}. 

1. Hamiltonian Vector Fields and Symplectic Vector Fields 

The material in this section comes from jT^ and Let (M, w) be an arbitrary 
2n-dimensional manifold with a closed, nondegenerate 2-form w. 

Definition 1.1. (1) A vector field Y is called a symplectic vector field if the 
flow induced by Y preserves the symplectic form w, that is, y is a symplectic 
vector field if and only if £ya; = 0. 
(2) A vector field Y is called a Hamiltonian vector field if there exists a smooth 
real-valued function H on M such that Y_iuj — dH. 
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Notice that since lj is closed, we have, by the Cartan Formula, >Cya; = d(yja;) + 
YaAoj = d(Fja;) for any vector field F, so Y is symplectic if and only if the 1- 
form Yaoj is closed. Hamiltonian vector fields always exist since w induces an 
isomorphism of the tangent bundle and the cotangent bundle: Given any smooth 
function H, dH is a covector field, so there exists a unique vector field Yh such that 
Yh-iu! = dH. An immediate consequence of these definitions is that a Hamiltonian 
vector field Y is always symplectic for if Y_iui = dH for some smooth real-valued 
function H, then d{Y_ioj) = d{dH) = 0. The converse is not true in general; in 
fact, the obstruction for a symplectic vector field Y on (M, w) to be Hamiltonian 
is H^{M). Indeed, if H^{M) — {0}, i. e., every closed 1-form is exact, then for a 
symplectic vector field Y, there exists a smooth real- valued function H on M such 
that Yjlj = dH, that is, K is a Hamiltonian vector field. 

Let X{M) denote the space of vector fields on M, XsympiM) the subspace of 
symplectic vector fields on M and X Ham{M) the subspace of Hamiltonian vector 
fields on M , and equip X{M) with the standard Lie bracket \X, Y] — XY — YX: 

Proposition 1.2. IfYi,Y2 are symplectic vector fields, then the Lie bracket 
is a Hamiltonian vector field. 

Proof. For an arbitrary differential form t wc have [Y, Y]jt — Cy (Y .tr) — Y _i{Cyt) , 
so 

[Yi,Y2]^oj = £y, (l2Jw) + Y24£y,uj) = Ly, (ysjw) 

=0 

= d(yijy2jw) + Fi j(d(y2 jw)) = d(w(y2, 

=0 

Hence [Yi , is a Hamiltonian vector field with generating Hamiltonian function 

w(y2,yi). □ 

Corollary 1.3. The subspaces Xsymp{M) and XnamiM) of X{M) are closed un- 
der the Lie bracket operation inherited from X{M); hence, there are the following 
inclusions of Lie algebras: 

symp 

(M),[,.])C(Af(M), [,.]). 

We now focus on the real- valued smooth functions on Af, C°°(M). For / G 
C°°{M), the assignment f Xf where Xf is the associated Hamiltonian vector 
field is linear. Given f,g € C°°{M), then 

{Xf + Xg)ju = (Xfjuj) + (Xgjuj) =df + dg = d{f + g) = Xf+g^w, 

so that by nondcgcncracy of w, we have Xf^g = Xf + Xg. Similarly, Xaf = aXf. 
We now equip C°°(M) with a bracket operation as follows: For f,g € C^{M), 
define {/, g} = (jj{Xf,Xg) £ C°°{M). Consider the Hamiltonian vector field X^f^gy. 

^{f.g}-"^ = ^coiXf,x,)-'i^ = {[Xg,Xf])_iU>, 

so th&tXy^g} = -[Xf,Xg]. 

Proposition 1.4. The bracket {■,■} on C°°{M) satisfies the Jacobi identity. 
Proof. 

^{{f,g}M + ^{{qMJ} + ^{{h,f},g} = -\^{},g}^^h] - [X{g^^,Xf] - [X{hj^^,Xg] 

= -[-[Xf,Xg],Xh] - [-[Xg,XH],Xf] - [-[Xh,Xf],Xg] 
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= [[Xf,Xg],Xh] + [[Xg,Xh],Xf] + [[Xh,Xf],Xg] = 0. 

□ 

Hence, {C°°{M), {■, •}) is a Lie algebra, and there is a Lie algebra homomorphism 
* : (C°°(Af), {•,•}) ^ {XHam,[:-]) given by / ^ Xf. Assume that *(/) = 
Xf = 0, then = Xjalo = df implies that / is locally constant (or constant if 
M is connected); therefore, ker^' — {(locally) constant functions on M}, so every 
Hamiltonian vector field is defined by a smooth real-valued function on M which 
is unique up to the addition of a locally constant smooth function. 

Theorem 1.5. (1) For f,g e C°°{M), {f,g} = if and only if f is constant 
along the integral curves ipt determined by Xg . 
(2) // Tp : M^" — >■ R^" is a symplectomorphism then {/, g^ o ij; = {f o ip ^ g o ijj} 
for all f,g&C^{m}^). 

Proof. (1) 

^^{fo^p,) = rtCxj^rt{Xg^Af) 

= rAXg^Xf^u) = rMXf^Xg) = rAf.g]. 

(2) Note that for p G M^", we have the maps 

Since V'*'^ = and (?/;~"'^)*a; = w, these equations yield 

'^p(-) •) = V'p(w^(p))(-, •) = '^^(p)(dV'p-,d'0p-); 

•) = (V'^(p))*K)(-. •) = ^p(dV'^(p)-,dV'^(^p)-)- 
Thus, for a function / e C°°(K^") and vector field Y on R^", we calculate 
{Xfo^juj)p{Yp) = d(/ o ■0)p(Fp) = d/^(p)(d7/>prp) = V'p(d/v,(p))(ij,) 
= V'p((^/J^^)v(p))(^p) = V^p(^^(p)((-^/)v(p)'-))(^p) = ^4,(p){{X f)^(p)Ai'pyp) 
= '^p(dV'^(p)(^/)v.(p),dV'^(p)(d7/;prp)) = Wp((dV'~^)v.(p)(^/)^(p),>"p), 

that is, {Xfo-ip)p = (dV-'^"'")j/;(p)(^/)v'(p)- Hence we find that 

({/,5}°V')(P) ^^{Xf,Xg){'ll:{p)) = W^(p)((X/)^(p),(Xg)^(p)) 

= '^p(dV'^(p)(-'^/)^(p),dl/'^|-p)(Xg)^(p)) = Wp((X/o^)p, (^gov)p) 

= w(X/ov,-'^sov.)(p) = o-^Kp)- 

□ 

2. G2 Geometry 
References for this section include yiGj and |171. 

The octonions O is an 8-dimensional real normed algebra equipped with the 
standard Euclidean inner product. Further, there is a cross product operation given 
by u X w = Im(wM) where v is the conjugate of v for u, S O. This is an alternating 
form on ImO since, for any u G ImO, v? G ReO. We now define a 3-form on ImO 
by (/?(«, V, w) — (u X V, w). In terms of the standard orthonormal basis {ei, . . . , 67} 
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(with dual basis {e\ . . . ,e^}) of ImO, ifo = ei23_^gi45_^gi67_^g246_g257_g347_g356 
where e'^'' = A A e'^. Under the isoraorphism MJ c± ImO, with coordinates on 
given by . . . , x^), we have ipo = dx^^a _,_ j^i45 _|_ j^;!'^^ _|_ jx^^e _ dx^^"^ - 
da:347 -dx356. 

Definition 2.1. Let A/ be a 7-dinicnsional manifold. Af has a G2-structure if there 
is a smooth 3-form tp e ^'^{M) such that at each x € M, the pair {Tx{M),ip{x)) 
is isomorphic to {To{MJ),ipo). M has a closed G'2-structure if the 3-form if is also 
closed, = Q. 

Equivalently, a smooth 7-dimensional manifold M has a G'2-structure if its tan- 
gent frame bundle reduces to a G'2-bundle. For a manifold with G'2-structure 
tp, there is a natural Riemannian metric and orientation induced by ip given by 
{Y jip) A {Y _np) A ip = {Y, Y)ipdvolM- In particular, the 3-form if is nondegenerate. 

Definition 2.2. Let (Mi,(/ji) and {M2,ip2) be 7-manifolds with G2-structurcs. If 
T : Ml A'/2 is a diffeomorphism such that T*{ip2) — ipi, then T is called a 
G2-'morphism and (Mi,(^i), (Af2,</'2) are said to be G2-Tnorphic. 

Notice that given a G'2-morphism T : {Mi,pi) {M2,ip2), d'/'i = if and only if 
dip2 = since d commutes with puUback maps. 

Let (Mi,pi) and (M2,p2) be two 7-dimensional manifolds with closed G2- 
structures. Let Mi x M2 be the standard Cartesian product of Mi and Af2 with 
canonical projection maps tti : Mi x Af2 — >■ Mi. Define a 3-form ip — TT^ipi -\- it 2^2- 
This form is closed since 

dp — dir'^pi -f d7r2V52 = T^idpi + 7r2d(/32 = 0. 

Indeed, for any 01,02 G K, aiir^pi + a2Tr2P2 defines a closed 3-form on Mi x Af2. 
Taking ai = 1 and 02 = —1, we have the closed 3-form ip = TT^pi — 772^2- 

Theorem 2.3. A diffeomorphism T : (Afi,<y9i) — > {M2,P2) is a G2-Tnorphism if 
and only if p\r-^ = 0, where Fx ■— {(p, G Mi x Af2 : p G Afi}. 

Proof. The submanifold Fx is the embedded image of Afi in Afi x A/2 with em- 
bedding given by T : Mi — Mi x Af2 '^{p) = {p, Then <^|rT = if and only 
if 

= T*ip = T*TtIpi — T*TT2P2 
= (tTi O T)Vi - {t^2 O T)*P2 = (idMi)Vl - T*V32 = Vl ^ T*p2- 

□ 

3. G2 Vector Fields and Rochesterian Vector Fields 

Definition 3.1. Let {A'I,ip) be a manifold with closed G2-structure. 

(1) A vector field X is called a Rochesterian vector field if there exists a 1-form 
a, called a Rochesterian 1-form, such that Xjp = da. 

(2) A vector field X is called a G2 vector field if the flow induced by X preserves 
the G2-structure; equivalently, X is a G2 vector field if Cx'P = 0. 

As in the symplectic case, we have d{x-\ip) = since = Cxf = d{X_ip) + 
Xjdp — d{Xjp); in contrast, the existence of Rochesterian vector fields is a bit 
more delicate than that of Hamiltonian vector fields as is seen as a consequence of 
the following theorem (see [2i Theorem 2.4] for the original form of the statement 
and proof of this theorem) : 
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Theorem 3.2. Let M be a closed manifold, and let tp be a closed G2- structure on 
M . Then for any vector field X on M , Xjip is not exact, i. e., there does not exist 
a 1-form a such that Xjif = da; therefore, there are no Rochesterian vector fields 
on a closed manifold M with closed G2-structure (p. 

Proof. Assume on the contrary that X is a vector field such that there exists a 
1-form a with Xjip = da. Then using the G2-metric defined by Lp, we have that 

{X, X)dvolM = {Xjip) A {Xjip) A = da A da A 1^ 
= d(a A da A p). 
Assuming the X is normahzed to have length 1, we have 



< t;o^(A/) = / dvolM — I d(a A da A v?) = / aAdaAi^ = 
Jm Jm JdM 

by Stokes' Theorem and the fact that dM = giving a contradiction. □ 

In general, the nondegeneracy of p is not enough to guarantee that given any 1- 
form a, there is a vector field Xa such that Xa-ip> = da. In fact, the nondegeneracy 
only tells us that the map (p from vector fields into 2-forms given by piX) — 
X_ip is injective. The above theorem tells us that dil^{M) D im{(p) = {0} for a 
closed manifold M with closed 6*2 -structure. Hence, we assume from now on that 
M is either noncompact or that M is compact with nonempty boundary. In the 
case of {S7,po) simple calculations show that every coordinate vector field is a 
Rochesterian vector field. If X is a 3-dimensional manifold, then in the case of 
{T*X xR,p = Refl + LL!Adt), the vector field ^ is Rochesterian with associated 
Rochesterian 1-form given by the tautological 1-form a on T*X (see [9J). 

Theorem 3.3. Every Rochesterian vector field on a manifold M with closed G2- 
structure p is a G2 vector field. If H^{M) = {0}, then every G2 vector field on a 
manifold with closed G2 -structure is a Rochesterian vector field. 

Proof. The first statement follows immediately from the definitions. Let X be 
a vector field such that X_ip = da for some 1-form a; then £xP = d{X_ip) = 
d(da) = 0. Now, X is a 6*2 vector field implies that X_ip is a closed 2-form; 
H'^{M) = {0} implies that every closed 2-form is exact, so there exists a 1-form a 
with Xjp = da. □ 

As in the symplectic case, let X{M) denote the set of vector fields on M; let 
XciiM) denote the set of G2 vector fields on M; finally, let Xroc{M) denote the set 
of Rochesterian vector fields on M. That Xq^ and Xroc are closed under addition 
and scalar multiplication follows by the linearity of d and the interior product. 

Proposition 3.4. For any G2 vector fields Xi, X2, there exists a 1-form a such 
that [Xi, X2]jp — da. 

Proof. The result is a direct consequence of the following calculation: 

[x^,X2]jp - CxAX2^^) + X2ACx^^) = CxAX2^^) 

=0 

= d{Xi^X2^p) + Xi4d{X2jp)) - d(p{X2,Xi, .))• 

=0 

Thus, [Ari,A"2] is a Rochesterian vector field with generating 1-form given by 

¥'(X2,Xi,.). □ 
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Thus, we have the following inclusions of Lie algebras: 

{Xroc{,M),[;-]) C (^g,(M), [•,•]) C (A'(M), [•,•])• 

Let rJ}jQg(M) be the set of Rochesterian 1-forms. Let a, r € ^\^^^{M), then 
a + T e n^„p(M) since d(Q: + r) = cla + dr = X^jt/? + = (X^ + Xr)^'-p. In 

this way, we see that a + r is a Rochesterian 1-form with Rochesterian vector field 
given by X^+t ■— + Xr] similarly, for a € M., aa is Rochesterian 1-form with 
Rochesterian vector field given by Xaa ■= aXa, so fi/joc(-^) is a vector space. From 
this, we see that, for a Rochesterian 1-form a, the assignment a >-> Xa where X^, 
is the associated Rochesterian vector field is linear. We now equip ilj^^^^M) with 
a bracket as follows: for a,r e fl]^g^{M), define {q:,t} = (/?(Xq,, X^, •). {a,T} € 
^Hoc(-^) with Rochesterian vector field given by [X^^j-^a] because d({a,r}) = 
d{(fi{Xa,XT, •)) = [Xr, Xa]-iip- Using this fact, the bracket {•, •} satisfies the Jacobi 
identity: 

X{{a,T},v} + ^{{T,v}},a + X{{v,a},T} = — [^{a,T}jXv] — [X{T,v}iXa\ — [X{v,a}jXr] 
= — [—[Xce,XT],Xy] — [— [X^T) ^t;]) ^a] — ^a]) ^r] 

Hence, {n]^^^{M) . {■. ■}) is a Lie algebra, and there is a Lie algebra homomorphism 
$ : (17 ]j„/(M), {■,■}) {XHoc,[-r])- Finally, assume that $(a) = X^ = 0, then 
= Xa-i^ ~ da which implies that a is a closed 1-form. Hence, Rochesterian 
vector fields arc uniquely defined by their Rochesterian 1-forms, up to the addition 
of a closed 1-form. 

Theorem 3.5. (1) Given two Rochesterian 1-forms ai,a2 G r2}jg^(M), {ai,a2} € 
ker $ if and only if dai is constant along the flow lines of X^^ . 
(2) //fA ■.n'^W^isa G^-morphism then V'*({Q;,r}) = {V'*Q!,V*t} for all 

a,Ter!)j„,(M^). 

Proof. (1) From the definition of the bracket, we have 

{01,0:2} = f{Xai,Xa^,-) = Xa2^{XaiAf) 

= Xa2-idai — Cx^^oii — d{Xct.2-iOii). 

From this, we see that d{ai, 02} = dCx^^ oi = -^Xq^ (doi)- Then {oi, 02} G 
ker$ if and only if X^^^^^^y = if and only if Cx^^^i'^f^i) = d{ai,a2} = 

(2) Note that for p G M^, we have the maps 

If ^/^ is a G2-morphism, then ^*</j = and (^/^~^)*</? = tp. By definition, 
these equations yield, for p G R^, 

<^p(-,-,-) = V'p(</^V(P))(-'-'-) = </'V(p)(dV'p-,dV'p-,dV'p-) 

and 
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Thus, we calculate for a Rochesterian l-form a £ Q]f^g^{M) and vector fields 
y,Z on 

{X^*a^ip)p{Yp,Zp) ^ d{ip*a)p{Yp,Zp) = ijj* {da ^ (^p)) {Yp, Zp) 

= 'fPp{{Xa-iV)i>{p))iYp, Zp) = ■>p*{ip^^p){{Xa)^(p),-,-)){Yp,Zp) 

= 'Pij(p){{Xa),p{p),dippYp,d'ippZp) = ip^(p'){{Xa)^(p),Y^(^p), Z^f^p)) 
= V'p{{dip^^)i,(p){Xa)i,{p),{<iiP^^)ij{p)i^^pYp), (d?/'"^)v,(p)(dV'p^p)) 

= Vp{{(^'^^^)jp{p){Xa)^{p),Yp, Zp), 

that is, {X^*a)p — {dip~^)tp(p){Xa)^(p)- Hence we find that 
{r{a,T})p{Yp) = {r'p{Xc.,Xr))p{Yp) 

= i'p{'P^{p){{^a)i,(p), {Xr),p(p), ■)){Yp) = (p^(^p){{Xa),p{p),{Xr),p{p),d'4;pYp) 

= ^pi^i'^lp){Xc)^(p),di::^lj^^{Xr)^(p),di::^lj^^{di}pYp)) = (pp{{X^,.a)p, iX^,r)p,Yp) 

= '^p{{X^'a)p, {X^,r)p, ■)iYp) = {ip*a, ■ip*T}p{Yp). 

□ 
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